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CHAP, VI. GRAPHIC SOLUTION OF EQUATIONS. o1T

CHAPTER VI*
GRAPHIC SOLUTION OF EQUATIONS.

402, Consider two equations in two unknown quantities
zand y

(1) =y =0, = v =0

each of them defines a curve. For this system of two equa-
tions can be substituted an infinity of equivalent systems of
equations; consider in particular a system

@) x (@ ¥) =0, @  s@=0,

one of which only contains the variable g, a system which may
be obtained by eliminating y from the two given equations.
The real roots of equation (4) are the abscissas of the points
common to the two curves (1) and (2). And yet, if the system
of equations (3) and (4) were satisfied by a pair of values of
the form a=w, y =8+ i, in which «, B, y are real, these
values would satisfy the system of equations (1) and (2); bug
the quantity « would not be the abscissa of a real point com-
mon to the two curves. The exception which we have pointed
out never occurs when the equation y (2, ) =0 is an algebraie
equation which invelves only » to the first degree.

When one wishes to solve an equation f(z)=0 in a single
unknown quantity, the carves determined by (1) and (2) may
be selected in an infinity of different ways. The only con-
dition to be fulfilled is that the elimination of y between equa-
tions (1) and (2) give the propesed equation. A first combina-
tion is y = f(2), ¥ =0, which leads one to consider the values
of the nnknown quantity as the abscissas of the points of inter-
section of the eurve y = f(x) with the w-axis. Thiz combina-
tion is rarely the most simple. It is proven in algebra that
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if an unknown quantity y be eliminated from two algebraic
equations in two unknown quantities whose degrees are m
and n, the resulting equation in « is at most of the degree mn.
Consequently, if the proposed equation be algebraic and one
wish to obtain its roots by the intersection of algebraic curves,
the product of the degree of the equation of the two curves
would be equal to the degree of the equation to be solved.
We shall apply this method to the solution of the equation of
the fourth degree.

403. The equation of the fourth degree may be easily re-
duced to the form

) 2 4 pat g +r=0;

it may be regarded as the result of the elimination of y be-
tween the two equations of the second degree

(6) 2 —my=0, (T) m** + pmy + g+ r=0,

each of which defines a parabola. Since equation (6) involves
y only to the first degree, all the real roots of equation (5) are
the abscissas of real points common to the two curves.

One can substitute for the parabola (7) another eurve of the
second degree which passes through the intersection of the
curves (6) and (7). The general equation of the second degree
satisfying this condition (§ 277) is

(8) ket + 'y +qe 4 m(p—K)y4+r=0,

k being an arbitrary parameter. If one put k = m? the curve
(8) would be simply a circle; the co-ordinates a and b of the
center and the radius R of this circle are given by the formnlas

2
w”—p

b=—

) R":u’-*—b’—;-

2 TS

©) =g
When the value of 2% is positive, equation (8) represents a real
circle, and the real roots of equation (5) are the abscissas of the
points of intersection of this circle and parabola (6). When
the value of R? is negative, equation (8) cannot have real
solutions (§ 85); the same is true of the system of equations
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(6) and (7), or of the equivalent system of equations (5) and
(6); the four roots of equation (5) will be imaginary.

404. Consider next the equation of the third degree reduced
to the form
P tpr+q=0.

If this equation be multiplied by z, which introduces the root
=0, an equation of the fourth degree is obtained,

2 4 paf 4 qx =0,

to which the preceding method is applicable. The value of R?,
being in this case equal to a’+ %, is always positive. The
circle and the parabola pass through the origin of co-ordinates;
the abscissa of this point is the root @ =0, which one should
remove,

The same parabola a* —my = 0 may serve for the solution
of all equations of the third or of the fourth degree; the circle
only changes depending upon the value of the coefficients of
the proposed equations. This method can be employed with
advantage when one would solve successively a great number
of equations; then a parabola having an arbitrary parameter
is traced with great care; and, in each particular example, it
only remains to determine the circle.

405. When the unknown quantity z is a line, and the unit
of length has not been specified, the equation f(z) =0 is a
homogeneous equation in the unknown quantity z and the
various known lines. In case the equation is of the fourth
degree, if the coefficients p, ¢, » be rational functions, or irra-
tional functions of the second degree of given lengths, on
taking an arbitrary length for the parameter m of the parabola,
the co-ordinates of the center and the radius of the circle could
be constructed with the rule and the compass.

But if the equation be a numerical equation, that is if the
coefficients be given numbers, a definite value is given to m;
for example, one would put m =1, and construct the parabola
and the circle by means of an arbitrary scale; the abscissa of

520 PLANE GEOMETRY. BOOK 1V,

one of the points of intersection measured by the same scale,
will give the value of the unknown quantity .

We know that the solution of two equations of the second
degree in two unknown quantities = and y, or the determina-
tion of the points of intersection of two eurves of the second
degree, reduces to the solution of an equation of the fourth
degree in one unknown quantity, This solution could there-
fore be accomplished by means of a definite parabola and a
circle. Accordingly, if one of the curves of the second degree
be already traced, it can be used with the circle.

406. Exaurte I.—Draw through a given point P whose co-ordinates
are z; and ¥ & normal to a parabola 2 — 2pe =0. The co-ordinates =
and y of the foot of the normal are determined by the system of equations

W-2Zpr=0, zmy—(m—-py—pn==0
If all the terms of the last equation be multiplied by », and if 2px be
substituted for 3%, a new parabola z? — (z; —p).t—r"_'—j" = 0 is obtained ; on
adding the eguations of the two parabolas member to member, one
obtains the circle ? 4 o — (2 + )z — ﬂ—"‘ =0. The points where this
circle intersects the given parabola are the feet of the normals (§ 506).

407. Exaurie II. — Solve the numerical equation 2% —x =7 = 0.
Constroct by means of an accurately
made scale, the parabola x?=y;
describe a cirole whose center O has
the co-ordinates e = §, b=1, and
which passes through the origin;
this circle intersects the parabola in
one additional point M ; therefore
the proposed equation has bot one
real root, the abscissa OP of the
point M (Fig. 261). By measuring
this length by means of the scale
here employed, we find x = 2.00.

Examrre IIL —Solve the equa~
tion z*—5x 4+ 1=0. Construct
the circle whose center € has the

co-ordinates a =— 4, b =3 and which passes through the origin: this
gircle intersects the parabola in three points; it follows that the equation
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has three real roots; on measuring the abscissas, one finds that the two
positive roots are 0.20 and 2.13.

408. ExavreLe IV. — Consider the transcendental equation
xtangz=1.
This equation is the result of the elimination of y between the two equa-
tions

y=tangz, zy=1.

The first represents a carve composed of an infinitude of equal branches
which have asymptotes perpendicular to the z-axis ; the second an equi-
lateral hyperbola (Fig. 262). It is evident that the right-hand branch of

b g

Fig. 263,

the hyperbola intersects, at least once, each of the branches 04, B'4, ...
of the transcendental curve; moreover there is but a single point of
intersection on each branch, because, when x varies, the ordinates of the
two curves vary in contrary directions; if these ordinates be equal for a
certain value of z, they are necessarily unequal for every other value.
The roots of the equation are equal in pairs with contrary signs ; there

is in the first place a root situated between 0 and 1;-, a second root between

r and "-;oi, a third between 2+ and %1, ete., ... ; the number of roots is

infinite. On calling 2, the ath root, the difference between z and
(r —1)r is very small when n is very large. The curve gives, for the
value of the first root, 0.86.

22 PLANE GEOMETRY. BOOK IV.

The equations y = tang g - :t), y =z could also be discussed in this

manner on putting ; —z=2' y=tangz', y= ; —x'; the hyperbola

would be replaced by a straight line,

409. Reyvarks.— The graphic methods which we have
described do not give the values of the unknown quantities
with any great precision; one should not expect an approxi-
mation nearer than the hundredth part of the root.

One often attacks the problem by magnifying the traces of
the two curves in order to determine the number of real roots
of an equation. But, so long as the form of the two curves
is not studied with care, no rigorous conclusions can be de-
duced from this discussion. In general, the discussion of the
curves and the determination of the points of intersection
offer the same difficulties as the problem proposed.




407. Examere II. — Solve the numerical equation x3 —x — 7T = 0.
Construct by means of an accurately
made scale, the parabola 22 =y;
describe a circle whose center € has
the co-ordinates a= %, b =1, and
which passes through the origin;
this circle intersects the parabola in
one additional point M ; therefore
the proposed equation has but one

real root, the abscissa OP of the
point M (Fig. 261). By measuring
this length by means of the scale
here employed, we find x = 2.00.

Exampere III. — Solve the equa-

tion 23— 52+ 1=0. Construct

Fig. 261, the circle whose center C has the
co-ordinates @ =— }, b = 3 and which passes through the origin : this
circle intersects the parabola in three points; it follows that the equation




Considere a equaco da circunferéncia que passa pela origem do sistema cartesiano e tem
centro no ponto C (m, n), iste &, (x—m)* + (¥ — n)* = m? + n* e uma mudanca de variavel
dadapor ¥ = X7, gue consiste na transformacdo_de uma equacdo de circunferéncia emum

sistema dado pelacircunferéncia e pela parabola com vértice na origem.

Assim os pontos que satisfizerem a equacdo transformada também satisfazem o sistema.
(x—m) + (¥ ) =mt+nte (x-m)i+ |{y—m}2 —m*—n*=0

:xz—2m7fl+y1—2ny+}/—}(—/¥,:0

Assimtem-se que x° — 2mx+ y* — 2ny = 02 52 2mx+x*—2md =0.
Reagrupando tem-se que: x'— (2}1— l)x:' —2mx=0& x(f - ( In— l)x— 2m) =0

Essa ultima equagdo possui quatro raizes, sendo 3 referentes a equacdo de terceiro grau
X 1-

X +px+g=0ex=0,onde p=—2n+l<=l-p=2In<>n= 2}7 e

g=—Im<s>m= —% .

Destaforma pode-se proceder da seguinte forma:

hequaglo X + px+¢q =0 acrescenta-searaiz x =0, eobtém x* + px’ + gx = 0.

x4+puc2+qx:0

y=2

Assimtem-s e o seguinte sistema: {

Fazendo asubstituicdo da 22 equacgdo na 12 vé-se que:
- 2
St pt =065 5y 4 pr+gr=0

Completando os quadrados para as duas variaveis obtém—se:|

]_
—n}zzm2+n2,mm m:—% EHZTP_

Destamaneira, a interpretacdo geométrica da dlgebra descrita & que as 18s coordenadas dos
pontos de intersecdo entre a circunferéncia que passa na origem do sistema e tem centrono

pontoC(m,n) e a pardbola y = x* 580 as quatro raizes da equacio x* + px;" +gx=0.

Tirando a raiz acrescentada x = 0, tém-se astrés raizes da equagio x° + px+g=0.
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=l Objetos Livres
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- Objetos Dependentes
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‘ ™~ ' e @ . azz Intersegdo de Dois Objetos
r"/? r"""'v b.? @T‘_ o ‘{cqv hd ABC? 0 ‘%'? Selecione dois objetos ou clique diretamente na intersecao

Janela de Algebra [=][=)[x] [Janela de Visualizagio

Objetos Livres
3 A=(351)
2

dociy=x
=l Objetos Dependentes

@ B=1(2.09,4.35)

@ C=(2.09,0)

& arx=209

dd:(x— 3.5)2 +(y— 1)2 =13.22




Janela de Algebra Janela de Visualizagio
=l QObjetos Livres

=l Objetos Dependentes
@ B=(2.09,4.35)
@ C=(2.09,0)

@d:(x—35)°+(y—1)P°=13.22




Implementacdo do Método de Briot & Bouquet

=l Objetos Livres

=l Objetos Dependentes
@ A=(-257,6.61)
3 B=(271,7.37)

Centro(0.8 )
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